Abstract. We compute the Chern-Simons invariants for flat 4-dimensional bundles over 3-manifolds whose monodromy factors over SL(2, C), in particular for those factoring over the isomorphism P SL(2, C) = S0(3, 1), by computing their fundamental class in the extended Bloch group. We also discuss consequences for the number of connected components of SL(4, R) character varieties, and we show that there are knots with arbitrarily many components of vanishing Chern-Simons invariant in their SL(n, C) character varieties.
Introduction
In this paper we are going to consider finite-volume hyperbolic 3-manifolds M and representations ρ : π 1 M → SL(4, C) of their fundamental groups which factor over a representation SL(2, C) → SL(4, C). We will compute the Cheeger-ChernSimons invariants of the associated flat bundles. The main part of the paper will be devoted to the computation in the case of the 2-fold covering SL(2, C) → SO (3, 1) because this is the only SL(2, C)-representation for which the computation does not already follow easily from the results in [10] .
Let us start with recalling the basic definitions. For a flat complex vector bundle V : E → X Cheeger-Simons ([3, Section 4]) define 1 Chern charactersĉ k (V) ∈ H 2k−1 (X, C/4π 2 Z). In this paper we will be interested in the characterĉ 2 (V) for flat SL(n, C)-bundles over 3-manifolds. For a closed, orientable 3-manifold M and a representation ρ : π 1 M → SL(n, C) we consider its Cheeger-Chern-Simons invariant
where V ρ means the flat n-dimensional complex vector bundle over M with holonomy ρ. An explicit formula is
where θ is a flat connection and s a section of V ρ , which exists because SL(n, C) is 2-connected. 1 In their normalization the Chern character is an element of H 2k−1 (X, C/Z).
1
The universal Cheeger-Chern-Simons classĉ 2 of flat SL(n, C)-bundles is defined in [3] as an element in H 3 (SL(n, C) δ , C/4π 2 Z). To get a Cheeger-Chern-Simons invariant also for cusped manifolds one lets N ⊂ SL(n, C) be the subgroup of upper triangular matrices with 1's on the diagonals and uses the isomorphism H 3 (SL(n, C) δ , C/4π 2 Z) ∼ = H 3 (SL(n, C) δ , N δ C/4π 2 Z) to considerĉ 2 as a relative classĉ 2 ∈ H 3 (BSL(n, C) δ , BN δ ; C/4π 2 Z), see [10, Section 6.1] . Then for a flat bundle with boundary-unipotent holonomy (i.e. the restriction of the holonomy to ∂M having image in N ) one defines the Cheeger-Chern-Simons invariant via the pullback ofĉ 2 under the classifying map (M, ∂M ) → (BSL(n, C) δ , BN δ ). As C/4π 2 Z is divisible, one may considerĉ 2 as a homomorphism
The group H 3 (SL(2, C) δ , Z) has an explicit description (by the work of Neumann) as the so-called extended Bloch group 2 B(C), which is a certain subgroup of the extended pre-Bloch group P(C) described in Section 2.1 below. Together with the Suslin-Sah isomorphism H 3 (SL(n, C) δ , Z) ∼ = H 3 (SL(2, C) δ , Z) ⊕ K M 3 (C) (for n ≥ 3) one obtains a decomposition and they exhibit an explicit method for computingĉ 2 on this element. This yields a computable formula for the Cheeger-Chern-Simons invariant of the associated flat bundle. We will review this in Section 2.1, because it will be the basis for our computations.
Using the Cheeger-Chern-Simons invariant, the volume and Chern-Simons invariant of a representation are defined as follows. where Bρ : (M, ∂M ) → (BSL(n, C) δ , BN δ ) is the classifying map of ρ (i.e., of the associated flat bundle).
The motivation for this definition is Yoshida's theorem (see [10, Theorem 2.8] ) which implies that for a closed hyperbolic 3-manifold and a lift ι : π 1 M → SL(2, C) of its geometric representation, V ol(ι) (as defined above) is the hyperbolic volume V ol(M ) and CS(ι) is the Chern-Simons invariant CS(M ) of the Levi-Civita connection for the hyperbolic metric. (The analogous result for cusped hyperbolic 3-manifolds is true modulo π 2 and is proved in [19, Corollary 14.6] .)
Let now M be an orientable, hyperbolic 3-manifold, then its fundamental group Γ = π 1 M is a discrete subgroup of Isom + (H 3 ) = P SL(2, C). If M is closed, then by [5, Corollary 2.2] it lifts to a discrete subgroup Γ ⊂ SL(2, C). (If M has cusps, then this lift is in general not boundary-unipotent, see Section 3.5 for a discussion of this case.) Let ρ n : SL(2, C) → SL(n, C) be the irreducible representation corresponding to the unique C-linear n-dimensional representation of the Lie algebra sl(2, C). Garoufalidis-D.Thurston-Zickert use their methods to give a short and elegant proof for the formulas V ol(ρ n ι) = ( n + 1 3 )V ol(ι), CS(ρ n ι) = ( n + 1 3 )CS(ι), see [10, Theorem 11.3] .
The classification of representations of the Lorentz group implies that with the exception of ρ 2 ⊗ ρ 2 all 4-dimensional representations of SL(2, C) are, up to conjugacy in GL(4, C), obtained as direct sums of the ρ n 's and their complex conjugates. The exceptional case ρ 2 ⊗ ρ 2 is equivalent to the 2-fold covering SL(2, C) → SO(3, 1).
The Cheeger-Chern-Simons invariant is additive under direct sum and takes the complex conjugate upon complex conjugating the representation, see Section 2.2. From these principles and the result of Garoufalidis-D.Thurston-Zickert one can compute the CCS-invariants of ρι for all representations ρ : SL(2, C) → GL(4, C) except for ρ 2 ⊗ ρ 2 . The main result of our paper will be to compute the CCSinvariant for ρ 2 ⊗ ρ 2 or, what is equivalent, for the composition of ρ with the isomorphism τ : P SL(2, C) → SO(3, 1).
be the representation coming from the composition of the hyperbolic monodromy ι : π 1 M → P SL(2, C) with the isomorphism τ : P SL(2, C) → SO(3, 1). Then
4 If M has cusps, then this is of course to be understood as an equality modulo π 2 because CS(M ) is only defined up to this ambiguity.
if ρ lifts to a boundary-unipotent representation
The vanishing of the volume is no surprise since this is true for any representation to SL(4, R). The interesting result is the computation of the Chern-Simons invariant which is obtained as a corollary to the following Theorem. Theorem 1. Let M and τ be as in Corollary 1 and ρ : π 1 M → P SL(2, C) some boundary-unipotent representation. Then
otherwise.
This will be proved in Section 3 and will (after long calculations) in the end result from some wonderful cancelations in the pre-Bloch group, using the 5-term relation and some symmetries described in Section 2.3. It would of course be interesting to find some more conceptual explanation for these cancelations.
The following table shows volume and Chern-Simons invariant of the representations ρ • ι : π 1 M → GL(4, C), where ι : π 1 M → SL(2, C) is a lift of the monodromy of a hyperbolic structure and ρ runs over all R-linear representations ρ :
It already follows from local rigidity results in [17] that direct sums of the ρ n and their complex conjugates belong to different components in the SL(4, C)-character variety 5 , see Section 4.1. For a hyperbolic 3-manifold with nonvanishing Chern-Simons invariant we can then distinguish 10 components by volume and Chern-Simons invariant.
We recall that in the above list the three representations of volume 0 can be conjugated into SL(4, R). Indeed, ρ 2 ⊗ ρ 2 is equivalent to the well-known 2-fold covering map SL(2, C) → SO(3, 1) ⊂ SL(4, R), while ρ 2 ⊕ ρ 2 is equivalent to the embedding SL(2, C) → SL(4, R) coming from (a 1 + a 2 i) → a 1 a 2 −a 2 a 1 , see The ptolemy module [11] in SnapPy [6] computes all SL(2, C)-and SL(3, C)-representations for 3-manifold groups but at the time of writing can compute SL(4, C)-representations only for 3-manifolds composed of two ideal tetrahedra, that is for the figure eight knot complement. (In this case it detects only irreducible representations because the reducible ones would need more than two simplices to allow a generic decoration.) It turns out that for the figure eight knot complement the only computed irreducible SL(4, C)-representations are those coming from ρ 4 • ι, ρ 4 • ι and (ρ 2 ⊗ ρ 2 ) • ι. (There are however more P SL(4, C)-representations, see [10, Example 10.2] .) So in this case one should actually have no more than 3 components in the SL(4, R) character varieties of the figure eight knot complement. For general knots, however, there will be more than 3 components and in Section 4 we will discuss methods for constructing some of them.
Concerning SL(n, C) character varieties we use a construction of Ohtsuki-RileySakuma to show the existence of knot complements having arbitrarily many components with vanishing Chern-Simons invariant in their SL(n, C)-character variety. (This actually does not use Theorem 1 but the computation for the geometric representation in [10] .) The paper is organised as follows. Section 2 recollects known facts, especially the results from [10] . Section 3 is the heart of the paper, it computes the fundamental class and hence the Chern-Simons invariant for representations of the form ρ⊗ρ with ρ : π 1 M → SL(2, C). In Section 4 we discuss some facts and conjectures about SL(4, C)-and SL(4, R)-character varieties and in particular the proof of Corollary 3.
I thank Matthias Görner and Sebastian Goette for answering some questions about [11] and [12] , respectively, and Neil Hoffman for contributing the proof of Proposition 4 on mathoverflow. The computations in the paper have been done with the help of [25] .
Recollections
Throughout the paper log(z) will mean the branch of the logarithm of z ∈ C with imaginary part −π < Im(log(z)) ≤ π. For a manifold M we will always assume to have fixed a basepoint m 0 and hence an action of π 1 M := π 1 (M, m 0 ) on M .
2.1.
Computing CCS-invariants after Garoufalidis-D.Thurston-Zickert.
Definition 2. The extended pre-Bloch group P(C) is the free abelian group on the set C = (e, f ) ∈ C 2 : exp(e) + exp(f ) = 1 modulo the relations
whenever the equations
One should pay attention that [z; 2p, 2q] in the notation of [19] , [8] and [12] corresponds to (e, f ) = (log(z) + 2pπi, log(1 − z) − 2qπi) and hence to [z; 2p, −2q] in the notation of [10] . (Here z ∈ C \ {0, 1} and p, q ∈ Z.) Definition 3. The extended Rogers' dilogarithm
is defined on generators of P(C) by
where
It is proved in [19] and [12] that R is well-defined and a homomorphism. We will occasionally also use the name R for the Rogers' dilogaritm itself, so we have the equality We remark that the action of π 1 M on M extends to an action of π 1 M on L.
Definition 7. Let M be a compact 3-manifold (possibly with boundary) and
We will say that a simplex
The ptolemy coordinates of a decorated 3-simplex (g 0 N, g 1 N, g 2 N, g 3 N ) are the assignment
for each tuple (t 0 , t 1 , t 2 , t 3 ) of nonnegative integers with t 0 + t 1 + t 2 + t 3 = n.
Here {g i } t i means the (ordered) set of the first t i column vectors of g i ∈ GL(n, C) and One can always obtain generic decorations by performing a barycentric subdivision on simplices with nongeneric decorations.
One visualizes the ptolemy coordinates (of a simplex) by fixing some identification of the simplex with
and by attaching c t to the point (t 0 , t 1 , t 2 , t 3 ). For each α ∈ ∆ Each of its edges (α + e i , α + e j ) has one ptolemy coordinate attached to it, namely
In what follows G will be a subgroup of GL(n, C) and N ⊂ G will be the subgroup of upper triangular matrices with all diagonal entries equal to 1.
Then define
where ǫ k is ±1 according to whether the orientation of T k agrees with the orientation of M or not.
It is known (but it will play actually no role for our calculations) that λ(K, ρ) ∈ B(C) := ker(ν) forν(e, f ) = e∧ f ∈ C ∧ Z C. The element λ(K, ρ) does not depend on the triangulation and we will denote it by
In fact for G = SL(2, C) it corresponds to the image of the fundamental class under the isomorphism
The following is the main result of Garoufalidis-D.Thurston-Zickert in [10] . It shows that the Cheeger-Chern-Simons invariant (see Definition 1) can be computed from ρ * [M, ∂M ].
The following result from [10] will be useful to avoid too many case distinctions in our arguments.
Proposition 2. ([10, Proposition 7.7]) Under the assumptions of Definition 9 let c be a ptolemy cochain on K. For any liftc of c we have
Here, a liftc of c means a choice of logarithm for each c k α (i.e., of a complex number whose difference with log(c k α ) is an integer multiple of 2πi) such that the choices agree whenever coordinates correspond to glued faces in K, andλ(c α ) is then defined as
So, in the formula of Definition 9 one can replace log by any choice of logarithm as long as we make the same choice on common faces or edges of different simplices.
pSL(n, C)-representations ([10, Section 6.3]). For boundary-unipotent representations to pSL(n, C) = SL(n, C)/ {±1} the ptolemy coordinates are only well-defined as elements of C * / {±1} and thus λ(c α ) takes value in P(C) P SL , the free abelian group over (e, f ) ∈ C 2 : ± exp(e) ± exp(f ) = 1 modulo the 5-term relation. The extended Rogers' dilogarithm is then well-defined modulo π 2 Z. The ptolemy coordinates in Definition 7 are defined as elements of C * / {±1}, so λ(K, ρ) in Definition 9 can (by taking imaginary parts of logarithms between 0 and π) be defined as an element in P(C) P SL and Proposition 1 holds as an equality in C/π 2 Z, see [10, Section 9.2].
Properties of CCS-invariants.
While the Cheeger-Chern-Simons invariant is in general not additive for direct sums of GL(n, C)-bundles, additivity holds for SL(n, C)-bundles.
It is well-known thatĉ 1 vanishes for all flat SL(n, C)-bundles. Indeed,
A direct consequence of the explicit formula in [10] is the compatibility of CCS with complex conjugation.
Lemma 2. For any boundary-unipotent representation
Proof: Going through the formulas in [10] one sees that a decoration for ρ can be obtained by applying complex conjugation to a decoration for ρ, and that the ptolemy coordinates of these decorations are related by complex conjugation. According to Proposition 2 the value of CCS(M, ρ) does not depend on the lifts of the ptolemy coordinates, so one may choose the lifts of the ptolemy coordinates for ρ to be exactly the complex conjugates of the lifts of the ptolemy coordinates for ρ. (For example one may choosec = log(c) whenever c ∈ R <0 , and for all c ∈ R <0 one may choosec = log(c) for ρ, butc = log(c) − 2πi = log(c) for ρ.)
The formula in Definition 9 then implies λ(K, ρ) = λ(K, ρ) and now the claim follows from Proposition 1 and the equality R(e, f ) = R(e, f ) which is immediate from Definition 3.
QED An immediate consequence is that a boundary-unipotent representations which can be conjugated to a representation into SL(n, R) must have vanishing volume. It is perhaps worth-mentioning that the ptolemy coordinates of such a representation are not necessarily real, basically because the peripheral subgroups are conjugate to N ∩ SL(n, R) inside SL(n, C) but not necessarily inside SL(n, R). The computations in Section 3 actually provide an example of this phenomenon.
for any boundary-unipotent representation ρ : π 1 M 2 → SL(n, C) and the induced homomorphism f * :
Proof: This is immediate from
3. Symmetries of the extended Rogers' dilogarithm.
Definition 10. For e ∈ C define χ(e) ∈ P(C) by
where f ∈ C is some complex number satisfying exp(e) + exp(f ) = 1.
Lemma 4. i) χ is a homomorphism C/4πiZ → P(C) with respect to the additive structures on C and P(C).
ii) R(χ(e)) = −πie mod 4π 2 for all e ∈ C. iii) R is injective on the image of χ, and im(χ) = ker( P(C) → P(C)). iv) For (e, f ) ∈Ĉ and p, q ∈ Z we have
Proof: i)-iii) are (in a slightly different language) proved in [12, Theorem 3.12]. (There is a different sign in ii) because of the notational difference explained in the remark before Definition 3.) Equation iv) follows from i)-iii), for general fields F it is also proved as a consequence of the 5-term relation in [28, Lemma 3.16] . QED Lemma 5. The following relations hold whenever Im(z) > 0 and p, q ∈ Z i) (log(
iii) (log(
From [26, Section 2] we have
Moreover we have log(
|< π, and for Im(z) > 0 we have log(1 − z) = log(z − 1) − πi and log(−z) = log(z) − πi. Thus the above expression simplifies to
Then we apply Lemma 4, iv) to get
We are assuming Im(z) > 0, which implies log(z−1)−log(1−z) = πi. Moreover z and z−1 have positive imaginary parts, which implies that their arguments differ by less than π, so log( z−1 z ) = log(z − 1) − log(z). So the above sum simplifies to
Then we apply Lemma 4, iv) to get 
v) Because of Im(1 − z) > 0 one can apply iv) to 1 − z and use 1 −
which by ii) equals to We will also use some elementary facts about sums of (imaginary parts of) logarithms, i.e. sums of arguments of complex numbers. Recall that we use the convention that −π < arg(z) ≤ π for z ∈ C \ {0}. In particular, log( 1 z ) = − log(z) for all z = 0. Whenever Im(z) > 0 holds, one has the equality log(z) = log(−z) + πi. The following lemma collects some further elementary facts which we will be used especially in the proof of Lemma 8.
Re(z) < 1 log
i) is obvious and ii) follows from the fact that the imaginary parts of z and z − z have the same sign, so the difference of their arguments must be smaller than π. Similarly iii) follows because the imaginary parts of 1 − z and z have the same sign and iv) follows because the imaginary parts of z − z and 1 − z have the same sign.
From | arg(z)−arg(−z) |= π one can easily conclude | arg(z)−arg(1−z) |< π, which implies v). Similarly from | arg(z) + arg(−z) |= π one can easily conclude | arg(z) + arg(1 − z) |< π, which implies vi).
For vii), one can check by explicit computation that Im(z(1 − z)) = Im(z), hence the imaginary parts of z(1 − z) and z − z have the same sign and the claim follows.
For viii), the difference of the arguments of 1 − z and 1 − z is 2 arg(1 − z), so the equality holds if 
, then the fundamental class of the hyperbolic monodromy ρ (see Definition 9) is
with ω = 
Now, even though this is only a P SL(2, C)/N -decoration, the ±1-ambiguity will disappear when we consider ρ ⊗ ρ. So (denoting by abuse of notation N ⊗ N ⊂ SL(4, C) again by N ) we obtain an SL(4, C)/N -decoration for ρ ⊗ ρ by g v 0 N = N and
One can check that this is in the normal form of the next section but with 
We will take up this example in Section 3.5.
Computations
In this section we compute the Chern-Simons invariants (and actually the fundamental class in the extended Bloch group) for representations of the form ρ ⊗ ρ when ρ : π 1 M → P SL(2, C) is a representation of some 3-manifold group. These representations are equivalent in GL(4, C) to those coming from the composition of ρ with the isomorphism P SL(2, C) = SO(3, 1) and it might, at first glance, have seemed more natural to compute the Chern-Simons invariants directly for that representation. It turns out however that that would have been much harder because a simplex with an (in the sense of Definition 8) generic P SL(2, C)/Ndecoration need not have a generic SO(3, 1)/N coordinates, in general some of the ptolemy coordinates may be zero. So further subdivision of the triangulation would be necessary to obtain generic SO(3, 1)/N -decorations. (One can check that the canonical triangulation of the figure eight knot complement from Section 2.4 yields an instance of this phenomenon.) For this reason we will work with the representation ρ ⊗ ρ : π 1 M → SL(4, C).
3.1.
Standard form for simplices in G/N. The proof of Theorem 1 will work by a simplexwise computation, so for most of this section we will consider one simplex and try to compute its contribution to the fundamental class and the Chern-Simons invariant. At first we describe a standard form for SL(2, C)/Ndecorated simplices in the sense of Definition 7.
Consider G = SL(2, C) and N ⊂ G the subset of upper triangular matrices with 1's on the diagonal. There is a G-equivariant bijection G/N = C 2 \ {0}. We remark for later use that λ(c 0000 ) = (log(z) + 2pπi, log(1 − z) + 2qπi) for some integers p and q.
We will see in the next subsection that our computations will only work for z ∈ R, i.e., for non-degenerate simplices. At the time of writing it is not known whether every hyperbolic 3-manifold admits an ideal triangulation with no degenerate simplex. However the methods of [10] do not require ideal triangulations but allow interior vertices, so upon performing barycentric subdivision and suitably decorating the interior vertices we can always assume to have simplices with z ∈ R throughout. (See [10, Proposition 5.4].) 3.2. Ptolemy coordinates of the tensor product. For a representation
we consider its tensor product with its complex conjugate
Triangular matrices with 1's on the diagonal are sent to triangular matrices with 1's on the diagonal.
Given an SL(2, C)/N -decoration for ρ, we obtain a decoration for ρ ⊗ ρ in the obvious way, replacing A by A ⊗ A on each vertex.
So we fix again one simplex ∆, then the normal form decoration from the previous Section 3. 1 
(It should have sufficed to compute c 3100 , c 2200 , c 2110 , c 1111 and then proceed by symmetry, however to be safe we doublechecked all computations with [25] .) We note that these coordinates are nonzero (i.e., the decoration is generic) if and only if the ptolemy coordinates a, . . . , f of ρ are nonzero and if moreover bcde ∈ R. The latter condition is in view of bcde =| be | 2 cd be equivalent to the condition that the cross ratio z = cd be is not a real number and as argued in Section 3.1 above this can always be assumed.
We plug the ptolemy coordinates of ∆ into the formula from Definition 9 and obtain the following.
λ(c 1100 ) = (log ace+log(−abd)−log abd−log(−ace), log a 2 +log 2Im(bcde)i−log abd−log(−ace) λ(c 1010 ) = (log bcf +log abd−log b 2 −log 2Im(bcde)i, log abd+log(−bcf )−log b 2 −log 2Im(bcde)i λ(c 1001 ) = (log c 2 +log 2Im(bcde)i−log bcf −log ace, log ace+log bcf −log bcf −log ace)
λ(c 0110 ) = (log 2Im(bcde)i+log d 2 −log abd−log def , log(−abd)+log(−def )−log abd−log def ) λ(c 0101 ) = (log ace+log def −log 2Im(bcde)i−log e 2 , log(−ace)+log def −log 2Im(bcde)i−log e 2 )
λ(c 0020 ) = (log(−bcf )+log(
λ(c 0011 ) = (log bcf +log(−def )−log(−bcf )−log def, log 2Im(bcde)i+log f 2 −log(−bcf )−log def )
By Proposition 2 we are free to chose lifts (i.e., logarithms) as long as we chose the same lift for the same numbers. To simplify the above expressions we fix once and for all the following lifts: log(abd) = log a + log b + log d, log abd = log a + log b + log d, etc. log(−abd) = πi + log a + log b + log d, etc. log a 2 = 2 log a, log(−a 2 ) = πi + 2 log a, etc.
log | a | 2 = log a + log a, log(− | a | 2 ) = πi + log a + log a, etc.
log(2Im(bcde)i) = πi + log b + log c + log d + log e + log(1 − bcde bcde )
The reason for the somewhat unnatural seeming choice ofλ(c 1111 ) is to simplify the formulas in the following lemma. One can easily check that it is indeed a choice of logarithm, i.e., that exponentiating the right hand side gives 2Im(bcde)i. Now with this lifts we can simplify as follows. Remark: The symmetry-breaking formulas forλ(c 0020 ) andλ(c 0110 ) seem to be an artefact of our somewhat arbitrary choice of logarithms.
Next we want to express these formulas in the (z,p,q)-form (in the notation of [10] , compare the remark after Definition 2). The proof will use some elementary facts about complex logarithms, which for better readability had been collected in Lemma 6 before. (log( 
where the last equality uses that z − z and 1 − z have the same imaginary part, so the difference of their arguments is in (−π, π). If Im(z) < 0, then one obtains by similar arguments that the first coordinate equals log( z−z z−1 ) + 2(q − p + 1)πi. The formula for the second coordinate follows from Lemma 6 viii). This proves the formula forλ(c 1001 ) and by exactly the same arguments we obtain that forλ(c 0110 ). QED
3.3.
Wonderful cancelations: using the five-term relation.
Lemma 9. The following elements of P(C)
(e 0 , f 0 ) = (−πi+log a−log b+log c−log c+log d−log d−log e+log f −log(1− bcde bcde ), log a−log b−log e+log f −log(1 (e 1 , f 1 ) = (− log b + log c + log d − log e, log a − log b − log e + log f ) (e 2 , f 2 ) = (πi−log a+log c+log d−log f +log(1− bcde bcde ), log a−log a+log b−log b+log e−log e+log f −log (e 3 , f 3 ) = (πi − log a + log c + log d − log f , − log a + log b + log e − log f ) (e 4 , f 4 ) = (− log(1− bcde bcde ), −πi+log b−log b+log c−log c+log d−log d+log e−log e−log(1− bcde bcde ))
satisfy the relation
in the extended pre-Bloch group P(C).
Proof: An obvious computation shows that the equalities
hold.
According to Definition 2 this implies the wanted 5-term relation in P(C). QED

Lemma 10. With the notation from Lemma 8 and Lemma 9 we have
The first three equalities follow directly from the proof of Lemma 8. The fourth equality follows from the definitions together with Lemma 6 iii) and the equality log(−z) = log(z) ± πi with sign of πi according to the sign of Im(z). The fifth equality uses the same computations (in a different order) as that ofλ(c 1100 ) in the proof of Lemma 8, together with Lemma 6 ii) and log(z−z) = log(z−z)±πi. Next we want to relate (e 3 , f 3 ) and (e 4 , f 4 ) toλ(c 0020 ) andλ(c 1100 ), respectively.
Lemma 11. With the notation from Lemma 8 the following equalities hold for
Proof: a) Direct application of Lemma 4 iv) yields
From Lemma 6 we have log( z−z z−1 ) = log(z − z) − log(z − 1). For Im(z) > 0 we have log(1−z)−log(z −1) = πi and for Im(z) < 0 we have log(1−z)−log(z −1) = −πi. The claim follows. b) If Im(z) > 0, then with Lemma 5 v) we obtain
If Im(z) < 0, then Im(z) > 0 and we apply Lemma 5 ii) and iii) to z to obtain
where the last equality used again Lemma 8 b). One checks that c) also holds for Re(z) = 0. QED 
Proof:
From Lemma 11 and using that χ is a homomorphism (Lemma 4, i) we obtain that the sum equals 2(e 0 , f 0 ) + 2(e 1 , f 1 ) + 2(e 2 , f 2 ) − 2(e 3 , f 3 ) + 2(e 4 , f 4 )+ +χ((2q − 2p + 1)πi + (2q
i.e. all terms involving z − z, 1− z or z cancel out. (Here we have used log(1− z z ) = log(z − z) − log(z), see Lemma 6 ii).)
By definition of the extended pre-Bloch group we have the relation
which means that the first row of the above formula equals 2(e 1 , f 1 ) + 2(e 1 , f 1 ).
But χ vanishes on 4πiZ so the second row of the above formula is zero. By its definition we have (e 1 , f 1 ) = (log(z) + 2pπi, log(1 − z) + 2qπi), so we get the claim. QED 3.4. Proof of Theorem 1. Let M be a finite-volume, orientable, hyperbolic 3-manifold. Let τ : P SL(2, C) → SO(3, 1) be the isomorphism P SL(2, C) → SO(3, 1). Then for each boundary-unipotent representation ρ :
if ρ lifts to a boundary-unipotent representation π 1 M → SL(2, C) (in particular if M is closed) and
Proof: Let us first assume that ρ : π 1 M → P SL(2, C) lifts to a boundaryunipotent representation π 1 M → SL(2, C), which abusing notation we will also denote by ρ.
Fix some generalized ideal triangulation M = ∪ r k=1 T k that admits generic ptolemy coordinates c k t for ρ in the sense of Definition 8. (Such a triangulation exists by [10, Proposition 5.4] .) For k = 1, . . . , r let λ(c k ) be defined as in Definition 9 (with α = 0) and define
By definition we have
with the sign ǫ k = ±1 depending on orientation of T k . By Corollary 4 we have
from which we conclude
Finally it is known from the representation theory of SL(2, C) that the 2-fold covering SL(2, C) → SO(3, 1) is conjugate in GL(4, C) to
This implies that ρ ⊗ ρ is conjugate to τ • ρ, so we obtain the wanted equality
If ρ does not lift to SL(2, C), then the ptolemy coordinates a, . . . , f in Section 3.1 are only defined up to sign. We can choose some sign, so that for each simplex T k we have some equality of the kind ±a k f k ± c k d k = b k e k (with certain signs) and can then still do all the computations in P(C) P SL to get the equality there.QED Remark: The proof of Theorem 1 via Corollary 4 might leave the impression that the equality from Theorem 1 already holds simplexwise, but one should be aware that this is just a (surprising) effect of the special choice of logarithms before Lemma 7. With other (perhaps more natural) choices of logarithms the wanted equality would not hold simplexwise, rather additional contributions from different simplices would cancel out.
3.5. Non-liftable PSL(2,C)-representations. When a representation ρ : π 1 M → P SL(2, C) does not lift 6 to a boundary-unipotent representation π 1 M → SL(2, C), then its Chern-Simons invariant is only defined modulo π 2 and so of course the equality in Corollary 1 can only hold modulo π 2 .
However, since ρ ⊗ ρ is well-defined as a boundary-unipotent representation to SL(4, C) it actually makes sense to compute its Chern-Simons invariant modulo 4π 2 and we will describe in this section how to do this calculation.
Given a boundary-unipotent representation π 1 M → P SL(2, C) its obstruction to lifting it as a boundary-unipotent representation to SL(2, C) is represented by a 2-cycle σ ∈ Z 2 (K, ∂K; Z/2Z). Depending on σ the ptolemy coordinates have to satisfy a certain simplexwise equation. Namely if for i = 0, . . . , 3 we denote by σ i the value of σ on the face opposite to the i-th vertex, then This means that we can do the computations from Section 3.2 but with d, e, f replaced by ±d, ±e, ±f according to the values of the obstruction cycle. (Note that the f -coordinate does not appear in the decoration, but it made its entrance in the calculations of Section 3.2 indirectly through the formula af + cd = be. For this reason we also have to change the sign of f accordingly.)
Then one can use Lemma 7 to compute (ρ ⊗ ρ) * [M, ∂M ] as an element inB(C) (rather just inB(C) P SL ) and the Chern-Simons invariant modulo 4π 2 (rather just modulo π 2 ).
As an illustration let us take up the example of the figure eight knot complement S 3 \K( 5 2 ). Our computation in Section 2.4 actually illustrates the general principle from this section. The result was that (ρ ⊗ ρ) * [M, ∂M ] = 0 holds in P(C), and not just in P(C) P SL as it would result from Theorem 1. Hence
holds even modulo 4π 2 and not just modulo π 2 as it would be guaranteed by Corollary 1.
On components of character varieties
The variety of representations Hom(Γ, G) of a finitely generated group Γ into an algebraic group G is by definition the variety defined by the relations between the given generators. The character variety is its quotient Hom(Γ, G)//G in the sense of geometric invariant theory. We consider these varieties with the euclidean topology (not the Zariski topology). If G is connected, then connected components of the character variety correspond to connected components of the representation variety. The connected components for themselves are unions of irreducible components. Hilbert's Basissatz implies that the number of irreducible components (so a fortiori the number of connected components) is always finite.
For closed manifolds we will consider the variety of characters of all representations X(M ) = Hom(π 1 M, SL(n, C))//SL(n, C). For manifolds with boundary we will consider only those representations whose restriction to ∂M has unipotent image:
4.1. Local rigidity. A representation ρ : Γ → G is called locally rigid if its connected component in the representation variety consists only of representations conjugate to ρ. (Hence its character is an isolated point in the character variety.) A sufficient (and for semisimple representations ρ also necessary) condition for local rigidity is infinitesimal rigidity, i.e.,
For a survey on local rigidity of 3-manifold groups in SL(n, C) we refer to [21] .
Let M be a finite-volume hyperbolic 3-manifold. Recall that the geometric representation ρ n • ι : π 1 M → SL(n, C) is the composition of a lift of the hyperbolic monodromy ι : π 1 M → SL(2, C) with the irreducible representation SL(2, C) → SL(n, C). It has been proved in [17] that the geometric representation is infinitesimally rigid for n ≥ 2.
For the trivial representation ν : Γ → GL(n, C) one has
i.e., all its deformations correspond to homomorphisms
Since one has
one can conclude that all direct sums of geometric and trivial representations are either locally rigid or have deformations only corresponding to H 1 (M, C n ). This applies in particular to all representations of the form ρ • ι except for
which in fact is not always locally rigid ( [4] , [21] ).
SL(4,R)-representations factoring over PSL(2,C).
Any representation of the form ρ ⊗ ρ (for a representation ρ into SL(2, C)) can be conjugated into SL(4, R). Indeed it is easy to check that the matrix entries of ρ ⊗ ρ with respect to the basis {e 1 ⊗ e 1 , e 1 ⊗ e 2 + e 2 ⊗ e 1 , i(e 1 ⊗ e 2 − e 2 ⊗ e 1 ), e 2 ⊗ e 2 } are all real. Even better, there is an isomorphism P SL(2, C) → SO(3, 1) explicitly defined
and it is known from the representation theory of the Lorentz group that the "four-vector representation", i.e., the corresponding 2-fold covering SL(2, C) → SO(3, 1), is equivalent to the representation ρ 1,1 = id ⊗ id. So for any representation ρ we have τ • ρ ∼ ρ ⊗ ρ. (That was why our computations in Section 3 also implied V ol(τ ρ) = 0, CS(τ ρ) = 4CS(ρ).) We remark that this isomorphism is not well-behaved with respect to genericity of ptolemy coordinates. Given a triangulation and a generic P SL(2, C)-decoration one may well get a non-generic SO(3, 1)-decoration after applying the isomorphism. For this reason it was more convenient to compute Chern-Simons invariants for ρ ⊗ ρ as we did in Section 3, rather than trying to compute them for τ • ρ directly.
Besides the trivial representation and the four-vector representation there is only one more representation of SL(2, C) in SL(4, R) namely the representation κ : SL(2, C) → SL(4, R) ⊂ SL(4, C) defined by
For hyperbolic 3-manifolds with lifted monodromy ι : π 1 M → SL(2, C) it is proven in [14] that κι is not an Anosov representation, although it is discrete and faithful. Again, application of this representation to the standard decoration would yield a nongeneric decoration, thus for computing Chern-Simons invariants it is more practical to conjugate the representation (inside GL(4, C)) by the matrix     1 0 1 0
, which then with Lemma 1implies that
It follows already from H 1 (Γ, ρ 2 ⊕ ρ 2 ) = 0 that κ gives an isolated point in the character variety. To the best of my knowledge it is not known whether the characters of τ and the trivial representation necessarily belong to different components in the SL(4, R) character variety.
7 But for hyperbolic 3-manifolds with CS(M ) = 0 we can now use CS(τ ) = 4CS(M ) = 0 to obtain that τ belongs to a different component than the trivial character. Hence for hyperbolic 3-manifolds with CS(M ) = 0 the SL(4, R) character variety has at least three connected components, which proves Corollary 2.
For the figure eight knot complement, the experimental results from [11] suggest that there are not more than three components of the SL(4, R) character variety containing characters of irreducible representations. In particular, even though CS(M ) = 0 in this case, the experimental result seems to suggest that τ is an isolated point and so again we have 3 components.
For other knots one may have more than three components and the following two subsections will shortly discuss two approaches to construct some of them.
Using Galois actions.
One can frequently get more components by applying Galois actions. Namely, for each finite-volume hyperbolic 3-manifold M , the image of the hyperbolic monodromy ρ : π 1 M → P SL(2, C) is contained in 7 It is perhaps worth mentioning that τ is not always locally rigid even in SL(4, R). In fact, [4] shows that local rigidity in SL(4, R) does not hold for exactly 52 of the first 4500 closed, orientable, hyperbolic 3-manifolds with 2-generator fundamental group in the Hodgson-Weeks census.
P SL(2, K) for some number field and then any element of the Galois group σ ∈ Gal(K : Q) provides a (non-discrete) representation
Composition with representations P SL(2, C) → SL(m, C) then produces more SL(m, C)-representations of π 1 M . One should also note that local rigidity results from [17] and [21] carry over to the Galois conjugate representations because the group cohomology H 1 (Γ, Ad(ρ)) is compatible with Galois conjugations.
As an illustration let us look at the 2-bridge knot K( 
Let C n be the irreducible component containing the defining representation for the hyperbolic metric of S 3 \ K n . Then f * n C n is an irreducible component consisting of non-faithful representations and thus does not agree with the irreducible component containing the defining representation for the hyperbolic metric of S 3 \ K n−1 . Iterating this argument they get at least n irreducible components for the character variety of K n .
9
Since we are considering the euclidean topology, a connected component may consist of several irreducible components. So having many irreducible components does, a priori, say nothing about the number of path components of the character variety. The following argument shall show, however, that the Ohtsuki-RileySakuma construction actually can yield 2-bridge link character varieties with an arbitrarily large number of connected components. 9 They stated this theorem for SL(2, C), but their argument also applies to SL(m, C) character varieties for m > 2. One just has to consider the geometric representation (that is, the composition of ρ0, the monodromy of the hyperbolic structure, with the irreducible representation SL(2, C) → SL(m, C)) in place of ρ0 to adapt their proof. They are hyperbolic for q > 1. As a special instance of the construction in [20] let us consider the sequence L n = K( ) and so on. Then [20] constructs boundary-preserving maps
We remark that f n can be chosen to have deg(f n ) = 1. This is because, if we let a = (2, 2), then in the notation of [ The number of twist regions for the canonical diagram of L n is tw(L n ) = 2n−1. There are linear bounds
(with explicit constants C 1 , C 2 , C 3 , C 4 ) for the hyperbolic volume in terms of the twist number of a prime alternating diagram, see [15] , [13] . In particular, in our situation vol(S 3 − L n ) will go to infinity approximatively linear. Let ρ n : π 1 (S 3 \ L n ) → SL(m, C) be the geometric representation. By [10] we have 
Proof: ([29])
The symmetry of the continued fraction expansion is equivalent to q 2 ≡ −1 mod p, see [23] , or [24] for a more general statement. If K( p q ) is a knot, then p is odd (and q can be assumed to be odd) and we obtain q 2 ≡ −1 mod 2p. From the "Korollar zu Satz 4" in [22] this is equivalent to K( p q ) being amphichiral. According to [18] this implies CS(S 3 \ K( The argument for Proposition 3 does not apply to SL(m, R) character varieties because the volume of SL(m, R) representations is always zero. Instead one should use Chern-Simons invariants, but of course the above argument using approximatively linear growth of volumes does not adapt because no such statement can be true for Chern-Simons invariants. Still one can use explicitly computed values to construct distinct components in specific examples. E.g. for the 2-bridge knot K( 7 3 ) one can use the degree 2-map
from [20] and use that CS(S 3 \ K( 51 24 )) = 2CS(S 3 \ K(
to obtain an additional component in the SL(4, R)-character variety of the 2-bridge knot K( 51 24 ).
10 Experimental evidence from the knot table [2] suggests that also the converse of this proposition might be true.
